We analyze the possible generalized CP symmetries admitted by the Tri-Bi-Maximal (TBM) neutrino mixing. Taking advantage of these symmetries we construct in a systematic way other variants of the standard TBM ansatz. Depending on the type and number of generalized CP symmetries imposed, we get new mixing matrices, all of which related to the original TBM matrix. One of such "revamped" TBM variants is the recently discussed mixing matrix of arXiv:1806.03367. We also briefly discuss the phenomenological implications following from these mixing patterns.
I. INTRODUCTION
The historic discovery of neutrino oscillations [1, 2] marked the beginning of a new era in particle physics [3] in which it becomes manifest that the Standard Model needs amendment. Many basic drawbacks in cosmology associated with the origin of matter and the evolution of the universe also point in the same direction. According to the Big-Bang, the early Universe would have created equal amounts of matter and antimatter. Yet there is an overwhelming dominance of matter in the universe. This indicates that matter must behave rather differently from antimatter. Indeed such observed asymmetry may be the result, among other things, of the existence of CP violation in nature. Within the perturbative Standard Model picture CP violation exists only in the quark sector. However, CP violation present in the quark sector does not seem enough to account for the observed matter to anti-matter asymmetry within the Standard Model [4] . The structure of the lepton sector and the properties of neutrinos come forward as possible key ingredients in the resolution of this dilemma, through the mechanism of leptogenesis [5] . Indeed, recent neutrino oscillation global studies provide a first hint for CP violation in the lepton sector [6] . Upcoming neutrino oscillation experiments aim to improve our understanding of neutrinos through the precise measurement of leptonic CP violation [7] [8] [9] . If neutrinos are, as expected in many theories, self-conjugate fermions, then there are also Majorana phases characterizing CP violation in the lepton sector [10] . While these phases do not affect oscillations, they are crucial in the description of neutrinoless double-beta decay [11] . The current experimental sensitivities are given in [12] [13] [14] [15] [16] [17] .
It is therefore of fundamental importance to make theoretical predictions for neutrino mixing parameters as well as CP violating phases. The most reasonable and popular approach is to appeal to symmetry considerations [18] . Rather than considering specific theories on a one-by-one basis, here we adopt a more model-independent theory framework based on the imposition of residual CP symmetries, irrespective of how the relevant mass matrices arise from first principles [19] [20] [21] [22] . As a starting point we take a complexified version of the standard Tri-Bi-Maximal (TBM) neutrino mixing ansatz [23] as our benchmark neutrino mixing pattern. There are three independent generalized CP symmetries admitted by the TBM ansatz, if all of them are imposed we recover the starting point. However if we partially impose the generalized CP symmetry we can construct other non-trivial variants of the standard TBM ansatz in a systematic manner. Depending on the type and number of generalized CP symmetries imposed, we get several different mixing matrices. Such "revamped" TBM variants have in general non-zero θ 13 as well as CP violation, as currently indicated by the experimental data. A simple example of this procedure has already been given in [24] .
This paper is structured as follows. In Section II we give a general preliminary discussion of the method, while in Section III we describe the CP symmetries of tribimaximal mixing. We then move on to describe the neutrino mass matrices conserving two and one CP symmetries, in Sections IV and V, respectively. We show that these mass matrices lead to realistic mixing matrices with non-zero θ 13 which are closely related to the TBM matrix and share some of its properties. We also discuss the phenomenological predictions from these matrices. Finally, we give a brief sum-up discussion at the end.
II. PRELIMINARIES
In this section we begin with a general discussion of the generalized CP transformations, highlighting key concepts as well as setting up our notation and conventions. Following Refs. [19] [20] [21] we start by defining the generalized remnant CP transformations for each fermionic field as follows:
Such generalized CP transformations acting on the chiral fermions will be a symmetry of the mass term in the Lagrangian provided they satisfy the following conditions 1 ,
Given the recent oscillation measurements [26] [27] [28] , neither the real nor the complex variant of the TBM ansatz is a viable lepton mixing pattern.
In this work we show that starting from the cTBM matrix, and using the methodology of generalized CP symmetries, one can systematically construct and analyze realistic neutrino mixing matrices with non-zero reactor angle. These mixing matrices share many other properties of the simplest TBM mixing matrix.
In order to illustrate our methodology we assume neutrinos to be Majorana-type, and start with the complex TBM matrix of Eq. (12) . The real TBM matrix can always be obtained from it by simply taking the limit ρ, σ → 0. In what follows we will take this limit at various points of our discussion. Moreover, for sake of simplicity, throughout this paper we work in the charged lepton diagonal basis.
Let us start our discussion by inverting Eq. (6), so as to obtain the four CP symmetry matrices X i associated with the cTBM ansatz. These are given by [19, 29] 
In matrix form these four CP symmetries can be written as
The CP symmetries corresponding to the real TBM matrix of Eq. (11) are obtained simply by taking the limit of ρ, σ → 0 in Eq. (15) . These CP symmetries in matrix form are given by
Notice that the X 3 in Eq. (16) is nothing but the famous µ−τ reflection symmetry [23, 30, 31] , characteristic of the real TBM matrix, while X 4 is simply the identity CP symmetry. Moreover, all the four above CP transformations in Eq. (16) can be be reproduced from the breaking of S 4 flavor symmetry and generalized CP symmetry [32] [33] [34] .
Analogously there are four flavor symmetry transformations G i associated with the cTBM ansatz [19, 29] 
Notice that out of the four CP and flavor symmetries only three are really independent [19, 29] . If any three of the four CP symmetries in Eq. (15) are imposed simultaneously then one can uniquely reconstruct the neutrino mixing matrix which will be nothing but cTBM of Eq. (12) which θ 13 = 0 and hence fails to provide a viable description of lepton mixing [6, [26] [27] [28] . However, as we will discuss in rest of this paper, imposing only two or one CP symmetry can lead to realistic mixing patterns with non-zero reactor angle and CP violation in oscillations. The latter results from the incomplete CP symmetry of the transformation matrices defining the corresponding theories.
IV. NEUTRINO MASS MATRIX CONSERVING TWO CP SYMMETRIES
Our goal in what follows is to derive various variants of the TBM mixing pattern that can be obtained when the neutrino mass matrix respects only a partial set of the above CP symmetries. We start our discussion by looking at the case when the neutrino mass matrix respects only two CP symmetries of the four given in Eq. (15) . Although no longer strictly viable, given the reactor measuremts of θ 13 as well as the first hints for nonzero δ CP from oscillation experiments, the TBM matrix still provides a good zero-th order approximations that captures the main features of lepton mixing. Hence it provides a valid benchmark that we can perturb slightly, in a controlled way, subject to CP symmetry requirements.
In this section we analyze neutrino mass matrices which preserve, at leading order, all four CP symmetries of Eq. (15) . To obtain realistic mass and mixing matrices, in addition to this leading order mass term we add perturbation terms which will preserve only two CP symmetries of the complex TBM matrix. We now consider the various cases when the perturbation term preserves only two of the CP symmetries of the Majorana neutrino mass matrix. The addition of perturbation terms preserving fewer symmetries in turn implies that the leptonic mixing matrix is no longer the cTBM matrix but a closely related sibling. For definiteness we work in the basis in which the charged lepton mass matrix is diagonal, so that the leptonic mixing matrix is described solely by the neutrino mixing matrix. As already mentioned, realistic variants of the real TBM matrix of Eq. (11) can be obtained simply by taking the limit ρ, σ → 0.
Having said that we start, at the leading order, by requiring that the neutrino mass matrix
where X i ; i = 1, 2, 3, 4 are the four CP symmetries of Eq. (15) . Thus for M (0) ν we havê
This in turn implies that U
ν U cT BM is a real diagonal matrix. Thus we can write it as
Now we add to this leading term a perturbation term δM ν which only preserves two of the four CP symmetries. There are six different possible pairs of CP symmetries that can be preserved by δM ν , namely,
Since, as seen in Eq. (17), the CP symmetries are also related with the flavor symmetries, it follows that preserving two CP symmetries also implies that certain flavor symmetries of cTBM are preserved even by the perturbation term. The flavor and CP symmetries that are preserved can be grouped as
In the following subsections we discuss the first two cases in detail 4 . We will see how the incomplete imposition of the CP symmetry in the corresponding transformation matrices characterizing each theory can result in realistic mixing patterns with non-zero reactor angle as well as CP violation in oscillations.
A. G1 flavor and X1, X4 CP symmetries preserved
We first consider the case when the perturbation term preserves the X 1 and X 4 CP symmetries. This also implies that the G 1 flavour symmetry is preserved for this case, so that the perturbation term satisfies
with i = 1 and 4. Thus, U T cT BM δM ν U cT BM must be the form
Since δm 1 , δm 2 and δm 3 can always be absorbed by m 1 , m 2 and m 3 of M (0) ν in Eq. (20), we can take δm 1 = δm 2 = δm 3 = 0 without loss of generality. Thus δM ν simplifies to
Thus the full mass matrix (
Owing to the off-diagonal perturbation term δm the full mass matrix is no longer diagonalized by the U cT BM matrix alone. However, Eq. (26) can be easily diagonalized by an orthogonal matrix O 23 given by
Thus we have
The mass eigenvalues are given by
Since we are working in the diagonal charged lepton mass basis, the full leptonic mixing matrix U lep is simply given by the neutrino mixing matrix. Thus we have
where Q ν = diag(e ik1π/2 , e ik2π/2 , e ik3π/2 ) is a diagonal matrix of phases.
From Eq. (30) one can easily extract the parameters characterizing the lepton mixing matrix U lep which, in symmetric parametrization, are given by
Note that in the symmetric parametrization the CP violating phase characterizing neutrino oscillations is given by the invariant combination of the fundamental Majorana phases as δ CP = φ 13 − φ 12 − φ 23 [25] . In Eq. (31) 
8
The equation on the left in Eq. (32) relates the reactor and the solar angle while, for given values of these, the right-hand-side equation correlates the CP phase in oscillations to the atmospheric angle. These correlations can be used to test the mixing matrix of Eq. (30) at current and future oscillation experiments. We stress that these correlations are a generic feature of mass matrices which preserve G 1 symmetry. These are displayed in Fig. 1 , while the correlations following from the right hand-side equation are shown in Fig. 2 . So far we have only discussed the consequences arising from the perturbation term preserving the X 1 , X 4 CP symmetries of the complex TBM matrix. In order to obtain the leptonic mixing matrix related with the CP symmetries of the real TBM matrix, one can simply take the limit ρ, σ → 0 in Eq. (30) . Taking this limit we get
The mixing parameters from Eq. (33) can also be obtained in straightforward way by taking the limit ρ, σ → 0 in Eq. (31). Taking this limit we get
, By comparing Eq. (34) with Eq. (31) one sees that the mixing angles θ 12 and θ 13 remain the same in both cases. However, the range of possible values for θ 23 as well as the phases do change. Notice that in the limit of ρ, σ → 0 from Eq. (34) it follows that tan δ CP → 0, so that CP will be conserved in neutrino oscillations. Moreover, both Majorana phases become some integer multiples of π/2 and therefore they correspond to just CP signs [35] . It follows that the mixing matrix obtained from the real TBM matrix by assuming the X 1 , X 4 CP symmetries leads necessarily to a CP conserving theory. Notice however that, since the correlations amongst mixing parameters given in Eq. (32) are independent of ρ and σ, they remain the same. However, since for ρ, σ → 0 we also have cos δ CP → 1, one sees that in this case θ 23 gets confined to a narrow range, now ruled out by oscillation data to a very high significance, see Fig 2. Thus, the leptonic mixing matrix of Eq. (33) preserving X 1 , X 4 CP symmetries of real TBM is ruled out as it can not account for atmospheric oscillations.
B. G1 flavor and X2, X3 CP symmetries preserved Now we turn to the second case of two CP symmetries, X 2 , X 3 this time, which also leads to conservation of the G 1 flavor symmetry. As in the previous case, when X 2 and X 3 CP symmetries are preserved, the full mass
As a result of the presence of the perturbation term δM ν which only preserves (X 2 , X 
,
Again, since we are working in the diagonal charged lepton basis, the lepton mixing matrix U lep is given by
As before, here we have Q ν = diag(e ik1π/2 , e ik2π/2 , e ik3π/2 ) is a diagonal matrix of phases. This mixing matrix is nothing but the gTBM matrix discussed recently in [24] , fixing the choice 
The expression for the phase φ 23 can be extracted by inverting its relation with δ CP and the other phases. The formula is lengthy, so we do not write it explicitly. From the above results one sees that, owing to the fact that both (X 1 , X 4 ) and (X 2 , X 3 ) cases preserve the same flavuor symmetry G 1 , they lead to the same correlations between mixing parameters given in Eq. (32) . In particular, since the same flavour symmetry G 1 is conserved in both cases, Eq. (39) can be obtained from Eq. (31) just by redefining
Real TBM Limit: ρ, σ → 0 Again, as before, the mixing matrix corresponding to conserved X 2 , X 3 CP symmetries of the real TBM matrix Eq. (11) can be obtained from Eq. (38) by simply taking the limit ρ, σ → 0. Its form is given by
The mixing parameters corresponding to Eq. (41) are readily obtained from Eq. (39) by taking ρ, σ → 0. They are given as
One sees from Eq. (42) that in this case both the atmospheric angle θ 23 as well as the Dirac CP phase are predicted to be maximal. We remind the reader that the X 3 CP symmetry of the real TBM matrix (see Eq. (16)) is nothing but the well-known µ − τ symmetry. The prediction of maximal atmospheric mixing and maximal Dirac CP phase in this case appears as a natural consequence of it. Before moving on we note also that, for the choice of Q ν = diag(1, i, 1), the leptonic mixing matrix of Eq. (41) has already been discussed in the literature, for example in [32, 36, 37] . Moreover, this matrix has been explored as one of the limiting cases of the gTBM matrix of [24] .
C. G2 flavor and X2, X4 CP symmetries preserved
Now we move on to the cases when the G 2 flavor symmetry is preserved. Just like in the previous case, here also two different combinations of two CP symmetries, namely (X 2 , X 4 ) and (X 1 , X 3 ) preserve the G 2 flavor symmetry. We first consider the case when the perturbation term preserves X 2 and X 4 CP symmetries. In this case the perturbation term satisfies
where i = 2, 4. Thus, U T cT BM δM ν U cT BM must be the form
Again as before δm 1 , δm 2 and δm 3 can be absorbed by m 1 , m 2 and m 3 . Thus without loss of generality we can take δm 1 = δm 2 = δm 3 = 0 in Eq. (44) and obtain
Thus the full mass matrix
As before, owing to the presence of perturbation term δM ν , the mixing matrix U cT BM does not fully diagonalize the full mass matrix M ν . However Eq. (46) can be diagonalized by
The masses are given by
Thus the full leptonic mixing matrix in this case is given by
where, as before, Q ν = diag(e ik1π/2 , e ik2π/2 , e ik3π/2 ) is a diagonal matrix of phases.
The mixing parameters associated to the mixing matrix following from Eq. (49) are given by
, cos δ CP = sign(sin 2θ)(4 cos 2 θ − 1) cos(ρ + σ)
Again as before, the expression for φ 23 can also be readily obtained from Eq. (50) 
These correlations lead to strong predictions for the oscillations parameters as shown by the blue curves in Fig.  1 and Fig. 2 . Notice that although the correlations are again between the same oscillation parameters i.e. one between θ 12 − θ 13 angles and the other between θ 23 − δ CP but the form of correlations is very different from the obtained in Eq. (32) for the two cases of G 1 flavor symmetry. Thus these correlations and their associated predictions can be used to distinguish between the G 1 and G 2 flavor symmetries, as can be seen from Fig. 1 and Fig. 2 .
Again, as in previous cases, the mixing matrix corresponding to the conserved X 2 , X 4 CP symmetries of the real TBM matrix Eq. (11) can be obtained from Eq. (49) by taking the limit ρ, σ → 0. The results is
The mixing parameters corresponding to Eq. (52) can be obtained from Eq. (50) by taking ρ, σ → 0 and are given by
One sees from Eq. (53) that not only the Dirac phase vanishes, but also the Majorana phases φ 12 , φ 13 take on CP-conserving values, since they are integer multiples of π/2, corresponding to Majorana CP signs [35] . Thus, just like the real TBM limit of the first case of G 1 flavor symmetry discussed in Section IV A, here too the (X 2 , X 4 ) preserving case of real TBM CP symmetries predicts no CP violation. As before, since the correlations between oscillation parameters of Eq. (51) are ρ and σ independent, they remain the same for the real TBM case as well. However, since now δ CP → 0, the angle θ 23 gets confined to a narrow range, as can be seen from Fig. 2 . Particularly for δ CP = π, the predicted range of the atmospheric angle θ 23 lies at the edge of currently allowed 3σ range [6] , and may be ruled out in the near future.
D. G2 flavor and X1, X3 CP symmetries preserved
The other option for two CP symmetries that preserves the G 2 flavor symmetry is the case where the X 1 and X 3 CP symmetries are preserved. In this case, as before the leading term M (0) ν of the neutrino mass matrix preserves all four CP symmetries in Eq. (15), while the perturbation term δM ν only preserves the X 1 and X 3 CP symmetries. Therefore in this case we have
This can be diagonalized by diag(−i, 1, 1)O 13 where
The masses in this case are given by
The leptonic mixing matrix in this case is given as
We recall that Q ν = diag(e ik1π/2 , e ik2π/2 , e ik3π/2 ) is again a diagonal matrix of phases.
The mixing parameters can be easily extracted from Eq. (57) and are given by
, cos δ CP = sign(sin 2θ)(4 cos 2 θ − 1) sin(ρ + σ)
As before φ 23 phase can also be obtained from Eq. (58) in a straightforward way.
Notice the similarities and differences between the two G 2 flavor symmetry conserving cases of Sections IV C and IV D, associated to conservation of (X 2 , X 4 ) and (X 1 , X 3 ), respectively. They lead to different mixing angles and phases, as can be seen from Eqs. (50) and (58), respectively. However they both still satisfy the same correlations between the oscillation parameters, given by Eq. (51). In particular, notice that one can obtain Eq. (58) from Eq. (50) by redefining
The predictions for the neutrino oscillation parameters originating from the two correlations of Eq. (51) are shown in Fig. 1 and Fig. 2 respectively. The (X 2 , X 4 ) and (X 1 , X 3 ) cases also differ in their predictions for the Majorana phases as can be Eqs. (50) and (58). Before moving on we would like to highlight the differences between the G 1 and G 2 flavor symmetries. In these two scenarios, not only the expressions for the mixing parameters in terms of the model parameters are very different, also the correlations between the physical oscillation parameters, as can be seen from Eqs. (32) and (51). These predicted correlations between neutrino oscillation parameters are shown in Fig. 1 and Fig. 2 . One should note the two branches, corresponding to the G 1 and G 2 flavor symmetries. This difference in the predicted correlations can be exploited as a test at upcoming neutrino oscillation experiments.
Real TBM Limit: ρ, σ → 0 Just as in previous cases, here we can also get the mixing matrix corresponding to the X 1 , X 3 CP symmetries of the real TBM matrix by taking the limit ρ, σ → 0 in Eq. (57), leading to
The mixing parameters corresponding to Eq. (60) can again be obtained from Eq. (58) by taking the limit ρ, σ → 0. They are given by
One sees how, starting from the real TBM matrix, and using the X 1 , X 3 CP symmetries, one is lead to maximal Dirac CP phase. Using the fact that the oscillation parameter correlations are ρ, σ independent, one sees that for this case the atmospheric mixing angle θ 23 is also maximal, as shown in Fig. 2 . Once again, the prediction of maximal δ CP and maximal θ 23 is natural, since this case preserves the X 3 CP symmetry of the real TBM matrix (see Eq. (16)), which is nothing but the µ − τ symmetry. We note that the lepton mixing pattern in Eq. (60) has been discussed in [32, 33] .
V. NEUTRINO MASS MATRIX CONSERVING ONE CP SYMMETRY
We will now study the case when just one CP symmetry is preserved in the neutrino sector. For simplicity we will assume ρ = σ = 0, although the generalization to non-zero values of the Majorana phases is trivial. Therefore, our starting point will be the real TBM matrix of Eq. (11). The 4 CP symmetries compatible with the real TBM mixing matrix are given by Eq. (16) . Note that X 4 is just the identity, while X 3 is the mu-tau reflection symmetry, which has been extensively studied in the literature [23, 31] . Therefore, we will just discuss the cases X 1 and X 2 . When a single CP symmetry X i = U rT BMdi U T rT BM is preserved in the neutrino sector, we can combine Eqs. (2) and (6) to obtain
Consequently the matrix form of U T rT BM m ν U rT BM is given by 
From Eq. (63) one can see that d
is a real matrix which can be diagonalized by a 3-dimensional orthogonal matrix O 3×3 , see Appendix A for details. Therefore the neutrino mass matrix m ν is diagonalized by the following unitary transformation
where the Q ν matrix is given as
where k i take on integer values. Notice that U rT BM (real TBM matrix) and not U cT BM (complex version of the TBM matrix) appears in Eq. (66). This is due to the fact that we have chosen σ = ρ = 0, for simplicity. We will not consider the cases X 3 and X 4 since they are trivial, as discussed before.
FIG. 3.
Correlations between mixing angles and CP phases from Eq. (69). These hold when X1 is preserved by the neutrino sector. In all panels the green and magenta regions correspond to the Majorana phases φ12 and φ13, respectively, while the blue regions in the upper panels correspond to the Dirac phase δCP .
C. Preserving the X3 CP symmetry
For the case of i = 3, we can see the X 3 is exactly the µ − τ reflection symmetry. The lepton mixing matrix is of the form
where U rT BM diag(i, i, 1) can be decomposed as . These hold when X2 is preserved by the neutrino sector. In all panels the green and magenta regions correspond to the Majorana phases φ12 and φ13, respectively, while the blue regions in the upper panels correspond to the Dirac phase δCP .
The constant matrix on the right side can be absorbed into the orthogonal matrix O 3×3 by redefining the parameters θ 1 , θ 2 and θ 3 . For simplicity we use the same notation for the reparameterized O 3×3 so that
Then we can read out the lepton mixing parameters as follow, sin 2 θ 13 = sin 2 θ 2 , sin 2 θ 12 = sin 2 θ 3 , sin 2 θ 23 = 
Obviously, both θ 23 and δ CP are maximal, while the mixing angles θ 12 and θ 13 are unconstrained. Both Majorana phases φ 12 and φ 13 also take conserved values.
D. Preserving the X4 CP symmetry
Finally, notice that the X 4 symmetry is just the trivial symmetry of diagonal phases. Imposing only the X 4 symmetry indeed leads to leptonic mixing matrices consistent with all experimental observations. However, in this case the neutrino mixing matrix will be a completely arbitrary orthogonal matrix (δ CP = 0, π and no prediction for the mixing angles) while the Majorana phases will be simply ±π/2, 0, π. This can also be seen from Eq. (66) when i = 4.
VI. SUMMARY AND DISCUSSION
In this paper we have explored the CP symmetries admitted by the Tri-Bi-Maximal (TBM) mixing matrix. Using these CP symmetries as guidance, we have constructed several realistic variants of the TBM ansatz. Depending on the type and number of generalized CP symmetries imposed, we have obtained several realistic mixing matrices, all of which are related with the original TBM matrix. One of these variants is the recently discussed gTBM matrix in Ref. [24] . The correlations between solar and reactor angles are summarized in Fig. 1 . The corresponding predictions for the atmospheric angle and the Dirac phase δ CP are given in Fig. 2 . These hold equally well irrespective of whether neutrinos are Majorana or Dirac-type. Predictions for CP phases are collected in Figs. 3 and 4 . Their upper panels show predictions given in terms of the solar and atmospheric mixing angles, while the lower panels illustrate the results we obtain for the phase-phase correlations, both for Dirac as well as Majorana phases. The predictions we have obtained can be tested in currently running as well as upcoming neutrino experiments. Dedicated studies of the phenomenological implications of our predicted leptonic mixing matrix patterns will be taken up elsewhere.
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